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Abstract
We develop a discrete model to account for the effects of inhomogeneities on the redshift of
photons. Using this model we compute the probability distribution of the observed redshift respect
to the background value, obtaining that its dispersion around the central value is proportional the
square root of the comoving distance. This implies that data analysis should include a contribution
to the total error budget which depends on the distance of the source. Assuming large scale
inhomogeneities with a power spectrum given by primordial curvature perturbations the effect is
expected to be small at low red-shift, and to become important only at very high redshift. We
then consider what are the general implications for the estimation of background cosmological
parameters, giving some example for the case of quantities related to the luminosity distance such
as the Hubble parameter and the cosmological constant.
The model correctly reproduces the expected stochastic properties of the propagation of photons
in inhomogeneous media and due to its computational simplicity it could be particularly suitable
for the numerical estimation of the effects of inhomogeneities on cosmological observables using
Montecarlo methods.
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I. INTRODUCTION
Cosmology has some distinctive features respect to other branches of physics: we can
observe the Universe only from one point, and we are unable to probe directly the geometry
of space-time on large scales. We can only detect particles or radiation which have reached
us, and extract from these observations information about the space-time between us and
the sources. Most of cosmological scale distances can in fact only be deduced from redshift
measurements, assuming an underlying space-time metric. The Hubble law for example is
based on the assumption of large scale isotropy and homogeneity of the metric describing
the Universe. We know nevertheless that the Universe had inhomogeneities since very early
times, as predicted by inflation, which are supposed to be the seeds for the later process of
structure formation due to gravity. There has been an long debate [8–12] on whether these
perturbations of the homogeneous space-time metric could explain cosmological observa-
tions, in particular if they could induce effects equivalent to a cosmological constant or dark
energy. In this paper we consider what are the statistical effects of these inhomogeneities on
the determination of background cosmological parameters, focusing on their complementary
role rather than looking at them as alternatives dark energy for example. It was shown in
fact that even in presence of dark energy inhomogeneities could play an important role in
affecting the determination of the background cosmological parameters [13–16]
The paper is organized as follows. We fist develop a discrete model of the inhomogeneities
through which photons propagate from the source to the observer. We then use this model to
estimate the effects of inhomogeneities on the determination of cosmological parameters and
obtain the distribution probability function (PDF) for the redshift correction, showing that
its dispersion around the central value is proportional to the square root of the comoving
distance. We then study the general implications on the estimation of background cosmo-
logical observables considering in particular the case of quantities related to the luminosity
distance such as the Hubble parameter and the cosmological constant.
II. EFFECTS OF INHOMOGENEITIES ON THE LUMINOSITY DISTANCE
Let’s consider a Friedman universe with scalar perturbations. In longitudinal gauge the
metric can be written as
ds2 = −(1 + 2Ψ)dη2 + (1− 2Ψ)δijdxidxj . (1)
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where we have assumed assumed for simplicity the background to be flat and the perturba-
tions to be of perfect fluid type. Lets us suppose [17–19] a photon is emitted from a source
located at a comoving coordinate rS and time tS with a wave length λS, and is reaching an
observer at the center rO = 0, with a wavelength λO . Its total redshift can be expressed
as the sum of two components . One is due to the homogeneous background expansion, zH ,
and another due to the perturbations of the gravitation potential, zI :
λO
λS
= 1 + z = 1 + zH + zI + zOS =
a(tO)
a(tS)
(1 + [ψ + v · n]OS − 2
∫ λO
λS
dλψ˙ ) , (2)
zH =
a(tO)
a(tS)
− 1 , (3)
zI = (1 + zH)(−2
∫ λO
λS
dλψ˙ ) , (4)
zOS = (1 + zH)([ψ + v · n]OS ) (5)
where we are denoting with a dot the derivative respect to conformal time η.
III. DISCRETE APPROACH
In the following we will focus on the contribution zI coming from the integral, since we
are interested in the cumulative effects of the structure between the source and observer.
The other term zOS associated to the difference of the peculiar velocity and gravitational
potential between the source and the observer is also important, but accurate observations
of the source and information about our local Universe allow to determine it directly, making
it a not major source of uncertainty on the observed redshift, with most of the uncertainty
coming from the propagation of the errors of observationally estimated ψ and v of the source
and the observer. See for example [2] and references therein for an example of how density
maps can be used to reconstruct the peculiar velocity and gravitational potential fields of
the source using cosmological perturbation theory. For a non linear treatment see [6].
On the contrary the term zI associated to the integral is not under direct observational
control because for a given source we do not exactly know what is the structure between
it and the observer, and the effects on the photons propagating through it are expected to
increase with the distance.
We can approximate zI discretely with
zI = (1 + zH)(−2
∫ λO
λS
dλψ˙ ) ≈ −2(1 + zH)∆r
N∑
i=1
ψ˙ , (6)
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FIG. 1: The probability distribution for P (zI/∆zmin) is plotted for different values of N. The thick
line is for N = 30, the dash-dotted line is for N = 20, and the dashed line is for N = 10. The
difference between the different distributions is due to the fact that as N increases ∆r decreases,
lowering ∆zmin. As it can be seen the dispersion increases with N.
where in the last approximate equality we have chosen the comoving coordinate as the affine
parameter along the null geodesic, we have divided the interval (rS, 0) into N subintervals
of equal comoving length ∆r and approximated the integral with a sum.
The time evolution of the Fourier transform of the gravitational potential is given by:
ψ˙k = ψP (k)T (k)
d
dη
(
D(η)
a(η)
)
, (7)
where D(η) is the growth factor, T (k) is the transfer function, and ψP (k) is the primordial
perturbation. For a matter dominated universe the time derivative of the gravitational
potential is zero, while for a Universe with cosmological constant there can be a significant
contribution, which in the case of the cosmic microwave background radiation for example
leads to the so called integrated ISW effect.
We can approximate the Gaussian distribution with a uniform discrete distribution for a
variable X with three possible values
{x1, x2, x3} = {σψ, 0,−σψ}. (8)
After substituting we get
zI = −2(1 + zH)∆r
N∑
i=1
αiψi , (9)
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FIG. 2: Two configurations of the discrete variable ψi are shown as a function of the comoving
distance. They both correspond to {n+ = 3, n− = 1, S = 2} and consequently produce the same
redshift correction zI as shown in eq.(37). This kind of degeneracy increases with the number of
sub-intervals N and implies a larger dispersion around the central value as shown in fig.(48).
where αi is the value in the i− th sub-interval of ddη
(
D(η)
a(η)
)
and ψi is the value of the discrete
random variable X in the i − th sub-interval determined by the time independent part of
the ψ(k, η), i.e. by ψP (k)T (k). For large scales T (k) is approximately 1, so ψi is of the order
of the primordial spectrum ψP (k).
IV. TRINOMIAL DISCRETE APPROXIMATION OF A GAUSSIAN PROCESS
Assuming the primordial gravitational potential to be a treee dimesional Gaussian field, as
predicted by many inflationary models and supported by cosmic microwave observations, also
the gravitational potential along the propagation path will be a one-dimensional Gaussian
field, as shown in section VI. We can then approximate it as a sequence of discrete random
variables ψi, which can have three possible values: zero and plus or minus the standard
deviation of the Gaussian field σψ, with appropriate probabilities. The scaling limit of
the sum of these variables is a trinomial discrete approximation of the Brownian motion,
as implied by the Donsker’s theorem, also know as functional central limit theorem. In
principle also a binomial approximation would suffice to get the right scaling limit as long
as the variance and the mean are the same, but the advantage of the trinomial is that
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it can accommodate time varying variance. This is indeed modeling well the effect we are
interesting in, since d
dη
(
D
a
)
effectively changes the value of the standard deviation at different
points along the path.
We have proposed a discrete model for the propagation of photons in an inhomogeneous
medium. The large N limit of this discrete model has to coincide with its continuos equiv-
alent. We are modelling the potential along the photon path as a Gaussian process which
can be approximated as a sequence of independent identically distributed random variables.
This discrete model is valid for processes with constant power spectrum, i.e. white noise,
and since the primordial curvature perturbations are approximately scale invariant, it should
indeed be a good approximation.
The effect we are interested is the integral of this Gaussian process, which is known to
be a Browninan motion, and in fact our results will confirm this. A Gaussian process with
constant spectrum σ2 can be approximated as a sequence of random Gaussian variables with
variance σ2/∆r [7], where the interval over which the process is sampled discretely has been
divided in N = r/∆r sub-intervals. Under this discretization scheme in fact the integral of
the Gaussian process is
I =
∫ r
0
X(r)dr ≈
N∑
i=1
∆rXi (10)
and since the variance of the a linear combination of a set of Gaussian variables Xi
Z =
N∑
i=1
ciXi (11)
has variance
σ2Z =
N∑
i=1
c2iσ
2
Xi
(12)
from σ2Xi = σ
2/∆r we get
σ2I = N∆r
2 σ
2
∆r
= N∆rσ2 = rσ2 (13)
As expected in a Browonian motion, which is the integral of a Gaussian process of the type
we considered, the variance is linear in the time variable, which in this case is the conformal
time, or equivalently since we are assuming a flat background, the comoving distance.
V. MEAN AND VARIANCE OF THE VARIABLE S
Putting all together we can model the integrand Yi = αiψi in each interval with a uni-
formly distributed discrete random variable which can take three values
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{Yi,1, Yi,2, Yi,3} = { σαi√
∆r
, 0,− σαi√
∆r
} (14)
where we are using the notation Yi,j for the j-th value of the i-th variable and we are denoting
σψ with σ. We can define the single variable MGF for Yi as
MY˜i(t) = E[e
tYi ] =
∑
pje
tYi,j =
1
3
[
1 + exp
(
σαit√
∆r
)
+ exp
(−σαit√
∆r
)]
. (15)
from which we can get the mean and variance
µYi = E[Yi] =M
′
Yi
(0) = 0 , (16)
σ2Yi = V ar[Yi] = E[Y
2
i ]− E[Yi]2 =M ′′Yi(0) =
2
3
σ2α2i
∆r
. (17)
From eq.(9) we can see that the effect we are interested in is proportional to the variable S
defined as
S =
N∑
i
∆rYi (18)
zI = −2(1 + zH)∆r
N∑
i=1
Yi = −2(1 + zH)S , (19)
Assuming Yi are mutually independent, i.e. as mentioned previously, modeling the Gaussian
process with an approximately constant spectrum, the MGF for S is given by the product
of single variable MGF
MS(t) =
N∏
i
MYi(∆r t) . (20)
We can now compute mean and variance of S
µS = E[S] =M
′
S(0) = 0 , (21)
σ2S = V ar[S] = E[S
2]− E[S]2 =M ′′S(0)−M ′S(0)2 (22)
=
N∑
i
∆r2σ2Yi =
2
3
σ2
N∑
i
α2i∆r . (23)
In the continuos limit we get
σ2S(zH) =
2
3
σ2
∫ r(zH)
0
α(r)2dr = σ2β(zH) , (24)
β(zH) =
2
3
∫ r(zH )
0
α(r)2dr . (25)
Defining
α2 =
2
3N
N∑
i
α2i =
2
3N∆r
N∑
i
α2i∆r →
2
3r(zH)
∫ r(zH )
0
α2(r)dr , (26)
we can also express it as
σ2S = N∆rασ
2 = rα2σ2 . (27)
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VI. EFFECTS ON THE REDSHIFT
Since the effect on zI is due to the integral along the line of sight of the time derivative
of ψ, the parameter σψ, which is the expected dispersion of the primordial ψ averaged over
intervals of length ∆r, can be computed using the relation between the one-dimensional
(1D) and the three-dimensional(3D) power spectra [3]
P 3D = −2pi
k
dP 1D
dk
. (28)
. It turns out that the dispersion computed from the 1D or 2D spectrum is the same [4]
σ2ψ =
∫
d3kP 3Dψ =
∫
dkP 1Dψ (29)
Observations of the cosmic microwave background radiation show that the 3D primordial
power spectrum can be well approximated by a power law of the type
P 3Dψ ∝ k−3kn (30)
with n ≈ 0. Note that this what is commonly called a scale invariant power spectrum, even
if from a strictly mathematical point of view |ψk|2 depends on the scale even if n = 0.
Assuming a scale invariant power spectrum of the form above and using a Gaussian filter
to obtain a smooth average over a scale ∆r the dispersion is
< ψ2 >∆r = σ
2
ψ(∆r) ∝
∫
d3k kn−3e−k
2(∆r)2 ∝ (∆r)−nΓ[n
2
] . (31)
Under the well observationally justified assumption of approximate scale invariance, i.e. for
n ≈ 0, we get that σ2ψ(∆r) can be approximated as constant independent of ∆r which we
will simply denote as σ2ψ. This is indeed the characterizing property of a Gaussian random
field with a scale independent spectrum.
We can now compute the dispersion of zi from eq.(31), eq.(23) and eq.(19)
σ2zI = [2(1 + zH)]
2σ2S =
8
3
(1 + zH)
2rα2σ2 =
8
3
σ2β(zH)(1 + zH)
2 . (32)
As expected the effect is independent of the number of subintervals N . If we consider
sufficiently large scales the CMB anisotropy observations give a good estimation of the
parameter σ2 ≈ 10−10, and since the asymptotic value of β is about 0.035 as shown in
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fig.(5), we can conclude that the effect is of order unity only for very high redshift z > 105,
but even in that case the relative error σzi/z would be small and of order 10
−5.
Note that according to eq.(26) α depends on zH and is a decreasing function of the
redshift. This is due to the fact that αi tends to zero at high redshift because the gravitational
potential is frozen in a matter dominated Universe, so that the average through which α is
defined in eq.(26) is dominated by the high redshift small values of αi.
VII. BEHAVIOR OF α
In the continuous limit αi is replaced by the function
α =
d
dη
(
D(η)
a(η)
)
=
dz
dη
d
dz
(
D(z)
a(z)
)
= −H(z) d
dz
(
D(z)
a(z)
)
. (33)
For a flat matter dominated Universe, which should be a good model of the late time
Universe in the epoch in which the time derivative of the gravitational potential is relevant,
the growth factor is given by [5]
D(z) = E(z)G(z) (34)
G(z) =
5Ωm
2
∫
∞
z
1 + z′
E(z′)3
dz′ (35)
E(z) =
√
Ωm(1 + z)3 + 1− Ωm . (36)
As shown in fig.(4), D/a is asymptotically constant during the matter domination phase,
as expected from the freezing of the gravitational potential during that era.
VIII. PROBABILITY DISTRIBUTION FOR THE REDSHIFT CORRECTION
From the above assumptions we can derive the probability distribution of the redshift cor-
rection zI , due to the spatial variations of the gravitational potential along the line of sight.
In this discrete model every space-time configuration along the photon path corresponds to
assigning a set of N values to the random variable φi.
Since as shown in eq.(26) the variance σzi is the same for a set of different αi or for a
set of constant αi = α, we can assume that also the probability distribution could be well
approximated under this assumption. Higher momenta could be different but this could
be still a useful simplifying hypothesis to compute a probability distribution with the same
variance as the one computed using the MGF method.
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FIG. 3: The function α(z) is plotted as a function of the redshift, in units of time of of H−10 . As
expected it tends to zero a high redshift, where the gravitational potential freezes.
FIG. 4: The quantity α2, as defined in eq.(26), is plotted as a function of the number N of intervals
, in units of time of of H−10 . The blue curve is for zH = 1, and the orange curve is for zH = 0.5.
As it can be seen there is convergence for large values of N . Also note that α2 is smaller for larger
values of zH because α is asymptotically tending to zero, making the average smaller.
Let’s call {n+, n−, n0}, the number of positive, negative and zero values of the random
variable ψi. The corresponding zI will be given by
zI = −2(1 + zH)α∆rσψ(n+ − n−) = ∆zminS , (37)
∆zmin = −2(1 + zH)α∆rσψ , (38)
10
FIG. 5: The quantity β, as defined in eq.(23-24), is plotted as a function of the redshift in units of
H−10 . As it can be seen there is convergence towards an asymptotic value for large values of z as
expected from the fact α is asymptotically vanishing for large z.
S = (n+ − n−) , (39)
where we have introduced ∆zmin, the minimum possible inhomogeneous contribution to the
total redshift. According to our discrete model the total inhomogeneous redshift is a finite
multiple of this minimum contribution, so we get:
−N ≤ zI
∆zmin
≤ N , (40)
where the lower and upper bounds correspond to configurations of all positive or all negative
values of ψi, i.e. n+ = N or n− = N . Since every interval can have three possible values
of ψi, we have a total of 3
N possible different configurations. Because of the fact that
what it matters is the sum (n+ − n−), but not the order in which positive or negative
perturbations appear, different space-time configurations can lead to the same value of zI .
This degeneration is the origin of the intrinsic uncertainty on determining the origin of the
total redshift, and consequently to estimate other background cosmological parameters such
the ΩΛ.
The number of space-time configurations corresponding to a given value of zI can be
calculated analytically. Let’s start from the number of configurations corresponding to a
given set {n−, n+} of positive and negative values of ψi, which is is given by:
Nc(n−, n+) =
N !
n−!n+!(N − n− − n+)! . (41)
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For a given S the maximum n+ corresponds to configurations with n0 = 0, so from
n+ + n− + n0 = N , (42)
n+ − n− = S , (43)
we get
nmax+ = Max[n+, S] =
N + S
2
. (44)
The number of different configurations corresponding to a given value of zI , i.e. to a given
value of S = (n+ − n−), can be then computed as
NS =
∑
n+−n−=S
Nc(n−, n+) =
nMax
+∑
nMin
+
Nc(n+ − S, n+) =
(N+S)/2∑
n+=S
Nc(n+ − S, n+) = (45)
2F1
[
(1 + S −N)/2; (S −N)/2;S + 1; 4
]
N !
S!(N − S)! , (46)
where 2F1 is the Gauss hypergeometric function. It is easy to verify that due to the properties
of 2F1 NS is symmetric to respect to S = 0, as expected from the symmetry of the uniform
and symmetric probability distribution function P (ψ) from which it is computed.
The formula derived above is consistent with the total number of possible configurations,
i.e. we have
Ntot =
N∑
S=−N
NS = 3
N . (47)
The PDF for S is finally given by
P (S) =
NS
Ntot
= 3−N 2F1
[
(1 + S −N)/2; (S −N)/2;S + 1; 4
]
N !
S!(N − S)! (48)
which is plotted in fig.(1) for different values of N , with P (S) = P ( zI
zmin
).
IX. EFFECTS ON THE ESTIMATION OF BACKGROUND COSMOLOGICAL
PARAMETERS
We have seen that the dispersion of zI around the central value (zI = 0), is increasing
as N increases, while its average value remains zero because of the symmetry of P (S). The
estimation of background cosmological parameters requires to extract zH from the observed
redshift zobs, but due to our ignorance of the exact configuration of the gravitational potential
along the line of sight, the term zI is effectively acting as an error for zH , i.e.
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zH = zobs − zI , (49)
σ2zH = σ
2
zobs
+ σ2zI (50)
where σzobs is the systematic observational error on the observed redshift zobs. This has a
direct consequence on the estimation of any background cosmological parameter based on
redshift observations. In general the measurement of any redshift dependent background
observable quantity Q(zH) will have a propagated error
σ2Q(zH) ≈
(
dQ
dz
)2 ∣∣∣
z=zobs
σ2zI (zobs) . (51)
Since the function σ2zI (zobs) is growing monotonically because is proportional to the distance,
the uncertainty σQ(zobs) may grow or decrease as function of the redshift depending on the
behavior of the derivative dQ/dz.
X. EFFECTS ON THE LUMINOSITY DISTANCE
In the following sections we will consider two specific cases related to the effects on
the luminosity distance. Note that, following the arguments given in the beginning of
section III, we are assuming that the effects on the redshift due to the difference of the
peculiar velocity and gravitational potential between the source and the observer can be
determined independently using other observations, and can be consequently subtracted
from the observed redshift, as done for example for supernovae in [2], a procedure called
redshift correction in that context.
The effects of inhomogeneities on the luminosity distance DL(z) are not only due to the
change in the redshift but also to lensing and other integrated effects along the line of sight
[17–19], but here will focus only on the effects due to zI since these are the ones which we
considered in this paper. For the other integrated effects terms, which are not due to the
background redshift modification, a similar discrete approach could be adopted, but it would
go beyond the scope of this paper, which is not the study of the effects of inhomogeneities on
the luminosity distance, but more in general the study of the effects on the redshift and the
consequences on cosmological observables estimation. Other investigations of the effects of
inhomogeneities on the luminosity distance using non discrete approaches based on different
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averaging procedures applied to cosmological perturbations, including the effects we are not
considering here, can be found for example in [20–23].
Assuming a flat FRW background model the luminosity distance DL(z) and the comoving
distance r(z) are given by
r(z) =
∫ z dz′
H(z′)
(52)
DL(z) = (1 + z)r(z) (53)
and the error on DL(z) due to zI is
σ2D ≈
(
dDL
dz
)2
σ2zI =
[
(1 + z)
H(z)
+ r(z)
]2
σ2zI . (54)
As explained above the propagated error depends both on σzI and the derivative DL(z),
which in this case are both monotonous growing functions of the redshift.
XI. HUBBLE PARAMETER
Let’s consider for example the case of the present value of the Hubble parameter H0. The
local low redshift estimation of H0 is based on the relation [1]
H loc0 = limzH→0
zH
DL(zH)
. (55)
According to the above expression the Gaussian propagated error on H loc0 associated to
the uncertainty of zH due to zI is
σH0
H0
≈ 1
2
H0D
′′
L(zav)σzI (zav) . (56)
where zav is the average redshift of the supernovae employed in the analysis. In practice the
value of H0 is estimated using low redshift supernovae in a finite range [2], so the effect on
the data fitting should be estimated more accurately using a procedure similar to the one
given below.
XII. ESTIMATION OF THE COSMOLOGICAL CONSTANT
Another interesting case could be the estimation of the cosmological constant using the
luminosity distance of high redshift supernovae. In this case the observational data could
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be binned in different redshift intervals and then for each one of them an error σzI could be
estimated using eq.(32). The χ2 variable which is minimized to fit the data is defined as
χ2 =
N∑
j=1
(
DobsL (zj)−DthL (zj)
σzj
)2
(57)
where we are denoting with zj the background redshift value zH of the j-th supernova and
σzj is given in eq.(50).
The inclusion of the redshift dependent error given in eq.(50) in the data analysis is
expected to have some effect on the estimation of ΩΛ which only a careful analysis of obser-
vational data can quantify, and we leave it to a future work.
XIII. CONCLUSIONS
We have developed a discrete model to account for the effects of inhomogeneities on the
redshift of photons. Using this model we have computed the probability distribution of
the redshift correction with respect to the background value obtaining that its dispersion is
proportional to the square root of the comoving distance.Observational data analysis should
include this contribution to the total error budget, which depends on the distance of the
source. We then considered what are the general implications for the estimation of back-
ground cosmological parameters, and gave some examples for the case of quantities related
to the luminosity distance such as the Hubble parameter and the cosmological constant.
The model correctly reproduces discretely the expected stochastic properties of the propa-
gation of photons in inhomogeneous media and could be particularly suitable for the numeri-
cal estimation of the effects of inhomogeneities on cosmological observables using Montecarlo
methods. A more accurate treatment could involve the use of discrete random variables fol-
lowing other different physically motivated probability distributions.
In the future it will be interesting to compare the predictions based on this discrete
approach to the results of numerical calculations for the propagation of photons in inhomo-
geneous media, in particular to determine the parameter β.
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